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Abstract 
We give a description of all fans in a real algebraic surface and in a planar real germ either 
Nash, or analytic, or algebroid. The main tool is a quantitative version of BrGcker’s trivialization 
Theorem. An exhaustive study of real valuations in the respective function fields is also given. 
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0. Introduction and main results 
A semialgebraic subset S of a real algebraic variety X is the solution of finitely 
many polynomial systems of equations/inequations. The systems describing a given 
semialgebraic set are not unique and, in general, the size of “the best” descriptions 
measures the complexity of the set. In the last 20 years complexity of semialgebraic 
sets has become a question of high interest for many mathematicians from different 
fields. Roughly speaking, our complexity measure is the number of systems as well as 
the number of equations/inequations in each of them. Formally, the number of systems 
is the t-invariant of S and sets with t = 1 are called basic. 
In the realm of Real Algebraic Geometry, the complexity of semialgebraic sets has 
experienced an enormous development since Bracker in 1974 found its connection 
with Marshall’s theory of abstract quadratic forms over spaces of orderings. His strat- 
egy consists of attaching to every semialgebraic set such a quadratic form, and then 
studying that form. Here, fans enter the stage: these are a special kind of spaces of or- 
derings that rule the behaviour of forms. For instance, fans in the rational function field 
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K(X) of X are the tools to characterize basicness (see [4, lo]). The theory of fans was 
developed by Brocker (see [S-lo]) and a complete presentation can be found in the 
book [3]. 
Let us outline some basic facts. Let K be a field and X = Spec,(K) its space of 
orderings, or real spectrum (see [3, 61 for details). We can see a given 0 E X as a 
signature o:K+{-l,+l} wh’ h ic maps f E K to +l or - 1 according to whether f 
is positive or negative in the ordering 6. Then, we multiply orderings as signatures. 
A fan of K is a set F c X such that for any three orderings rsi, ~2,~s E F, their product 
(~4 = CJI ‘42 as is a well-defined ordering and belongs to F. Subsets consisting of one 
or two orderings are trivial fans. For instance, fans in the rational function field of a 
curve are all trivial. In general, a fan has 2k elements, with k > 0. 
After converting each semialgebraic set S into a constructible set 2 of X via the 
tilde operator, complexity problems become a combinatorial game by the use of fans. 
For instance, the condition for a set S to be basic (resp. principal) is #(? fY F) # 3 
(resp. # 1,3) for all 4-element fans of K(X). 
However, there are not complete lists of fans and this lack makes the general results 
difficult to check in practice. The aim of this paper is to fill this gap in dimension 2. 
Actually, we give a description of all fans in real algebraic surfaces, and in Nash, 
analytic and algebroid planar nonsingular germs. As is well known, over R, complex- 
ity is trivial in dimension 1, while obstructions to basicness can always be found in 
dimension 2 (see [4]). 
The key point to describe fans is Briicker’s trivialization theorem (see [3]): order- 
ings forming a fan are glued by valuations. Now, this glueing involves a careful and 
exhaustive analysis of valuation in function fields of surfaces and germs of surfaces. 
Let us collect now the main results in the paper. We denote by G! the ring of Nash, 
or analytic, or algebroid functions of a planar non singular irreducible germ Xe in R” 
(resp. the ring of regular functions of a non singular compact irreducible real algebraic 
surface X in KY); and by X the quotient field of d. 
In Section 1 we give a modified version of Briicker’s trivialization theorem for fields 
having valuations of bounded rational rank. In particular, since X has valuations of 
rational rank at most 2 we get: 
Theorem 1. Every fan F of X trivializes along a rank 1 valuation ring V, of 37, 
that is, 
(i) every c( E F is compatible with VF, 
(ii) the specialization of F to the residue field kr of VP is a trivial fan. 
Section 2 deals with compatible valuation rings, which allow us to describe all real 
valuations of Xx: 
Theorem 2. A real valuation ring V of X is either 
(1) of rank 2 with residue jeld R; or 
(2) of rank 1 and rational rank 1 with residue field R; or 
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(3) of rank 1 and rational rank 2 with residue jield R; or 
(4) discrete with residue jield the function held of either 
~ a real irreducible germ (resp. algebraic) curve in X0 (resp. X); or 
~ a real irreducible algebraic curve after a suitable quadratic transformation of’ 
X0 (resp. X). 
Finally, in Section 3 we use the previous information to construct fans. As we know 
residue fields of rank 1 valuations and their real spectra, the general procedure consists 
of pulling-back trivial fans in these residue fields via the associated places by means 
of Baer-Krull Theorem (see [6, lO.l.lO]). We get: 
Theorem 3. A jan F of x is characterized in X,J (resp. X) by either of the ,following 
data: 
(1) Two transcendental curve germs at a point x in X0 (resp. in X) de&zing places 
,for the ring VF. In this case V, has rank 1 and rational rank 2. 
(2) Two half-branches of an irreducible curve germ Co (resp. of an algebraic curve 
C) in X0 (resp. in X). In this case VF is a discrete valuation ring with residue field 
the function held of Co (resp. of C). 
(3) Two half branches of an irreducible component D of the exceptional divisor of’ 
a suitable quadratic transform of X0 (resp. X). In this case V,G is a discrete valuation 
ring with residue field the function field of D. 
The results we present here are a part of the author’s dissertation [ 131, supervised by 
Prof. Jesus M. Ruiz. However, proofs here are new. In [13] we used more constructive 
methods in order to get also explicit descriptions of valuations and fans in terms of 
Puiseux expansions (see also [2]). 
1. Trivialization theorem 
Let ,X be a formally real field. A valuation ring V of ,Y is compatible with 
x E Spec,(X) if its maximal ideal rnv is x-convex. For M E Spec,(X), the valuation 
rings of X compatible with c( are well ordered by inclusion and we call them the 
chain of valuation rings compatible with c( (see [5]). The minimal ring of this chain 
VO is the convex hull of Q in X with respect to x (see [3]). Conversely, any valuation 
ring containing the convex hull VO is compatible with X. 
The chains of valuations compatible with different orderings which form a fan are 
related by Briicker’s trivialization theorem (see [8, 31). 
Trivialization Theorem. Let K be a jormally real field, Every fan F of K trivializes 
along a valuation ring V of K, that is 
(a) The valuation ring V is compatible with F (i.e., with each ordering in F). 
(b) The specialization of F to the residue field kt, of V is a trivial fan. 
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In this section we give an easier proof of Briicker’s trivialization theorem for formally 
real fields containing R whose valuations have bounded rank. This proof avoids the 
use of approximation of valuations as used, for instance, in [3, IV.1.61. 
From now on we will denote by %?d the class of all formally real fields containing R 
whose real valuations have all rank 5 d. 
Lemma 1.1. If K E %?d such that R s K and CI E Spec,(K), then there is a rank 1 
valuation of K compatible with a. 
Proof. The convex hull V, of Q in K with respect to CI is non-trivial and contains R, 
because R! GE K. Since rank( I$) < d and every valuation ring containing 6 is compat- 
ible with a, the rank 1 valuation ring containing Vo is compatible with a. 0 
Lemma 1.2. Let K be in wd und LY~,CQ,Q,CQ E Spec,(K) (ai # Ej) such that tll . a2 . 
u3 = ~14. Then, there is a non-trivial valuation ring V of K of rank I compatible with 
both CII and ~9. 
Proof. Using Lemma 1.1, there are non-trivial valuation rings Vi and V2 of rank 1 
compatible with c11 and ~2, respectively. 
Suppose VI # V2. Then Vl $ V2, V, $ Vl , because they have rank 1. Choose a, b E K 
such that a E V, \ V2 and b E V~\VI. Let v1 (resp. ~2) be a valuation associated to VI 
(resp. V2). Thus, setting al = a/b (resp. u2 = b/a) we have vl(ai ) > 0, ~(a1 ) < 0 (resp. 
Vl(Q2)<0, V2(Q2)>0). 
Choose f, g E K such that, for instance, 
Ml(f )<O, ~2C.f) > 0, ~3u”) > 0, 
a1 (9) > 0, a2(g)<O, a3(g) > 0. 
Since the valuations v1 and 212 have rank 1 we can take p E R with 
p>max{lvl(f >I, lv2(f >I, IVlC9)l, IS(S) 
Thus, there is an integer m such that mvl(al)>p, -mvz(al)>p (resp. -mvl(az)>p, 
mvz(az)>p). Let zi =aF”f (resp. 22 =a$“g). Then 
vl(zl)=2mvl(al) + v1(f>>2p + v~(f)>O, 
v2(z1) = 2mv2(al) + u2(f > < -2~7 + 02(f) <O, 
and analogously vi (~2) < 0, v2(22) > 0. 
Hence, we have zr,z2 E K such that zi E Vi\V2, z2 E V2\Vl and 
Q(Zl)<O, MZ(Zl I > 0, a3@1)>0; 
a1@2)>0, az(z2 > < 0, a3(z2)>@ 
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Moreover, as VI is compatible with z t, O<cc,(-zi)<at(z2) and c(,(zi +z2)>0. Anal- 
ogously, we have CQ(ZI + ~2) >O. Since X~(ZI + ~2) >O we get xq(zi + ~2) >O, which 
is not possible because ~(21) < 0, x4(22) < 0. 0 
Remark 1.3. Denote by VT the class of formally real fields containing [w whose real 
valuations have all rational rank <d. We clearly have: 
1. %; CWd. 
2. If K E %& (resp. K E %?$) and V is a valuation ring of rank e (resp. of rational 
rank e) of K, the residue field kv of V is in %$_, (resp. C&f_-p) (use [7, Sections 4 
and lo]). 
3. If K E %?o, then K = R (R has no archimedean proper extension). 
4. If K E %?r, every fan is trivial. Indeed, a fan F of K is compatible with a valuation 
ring V of rank 1 with residue field [w (apply 2 and 3). But #(Homz(Tr,&)) < 2, 
therefore #(F) 5 2. 
Now we can prove Theorem 1 in the following form 
Theorem 1.4. Let K E %T, d 2 2. Then every fan F of K trivializes along a valuation 
ring of runk <d - 1. 
Proof. Suppose K E ?Z; and let F be a non-trivial fan of K. Using Lemma 1.2, there 
is a rank 1 valuation ring V of K such that every ordering in F is compatible with V. 
Hence, F specializes to a fan F in the residue field kv of V. But kv E ‘87: so F is 
trivial. Therefore F trivializes along V. 
In order to prove the result by induction on d >2 we suppose the claim is true 
for fields in the class V$ for all d’ <d. Let be K E %$ and a non-trivial fan F of K. 
By Lemma 1.2 there is a (unique) rank 1 valuation ring V compatible with F. Suppose 
that the specialization F of F in kv is a non-trivia1 fan, because otherwise we are done. 
Since kv E +ZF_, we can apply induction. Hence, F trivializes along a valuation ring 
B’ of kv having rank <d ~ 2. If p: V + kv is the canonical place associated to V, 
the ring B = p-‘(B’) is a valuation ring of K contained in V and having the same 
residue field as B’ (see [7, Section 41). Therefore F trivializes along B. Furthermore 
rank(B) = rank( V) + rank(B’) 5 1 + (d - 2) = d - 1. 0 
Corollary 1.5. Let K E W/d*. Then every jhn qf K has at most 2d elements. 
Proof. Remarks I .3.3 and 1.3.4 prove the claim for d = 0,l. Assume then that d 2 2. 
Let F be a fan of K. Applying Theorem 1.4 there is a valuation ring B of rank 
< d - 1 along which F trivializes. Hence, the specialization F of F in ks has at most _ 
2 elements. Using Baer-Krull Theorem [6, 10.1. IO] each ordering of kB has at most 
#(Homz(&,&)) generizations to K compatible with B, and we get #(Homl(TB,Z2)) 
5 2’ if rat.rank(B) = e. 
If rat.rank(B) < d - 1, then #(F) < 2. 2d-’ = 2d. If rat.rank(B) = d, then kB E %z c 
‘60 and ks = R. Hence, #(F) = 1, and F has at most 2d elements. 0 
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2. Compatible valuation rings 
In this section we describe real valuation rings for orderings of a surface (see also 
[12]) and a two-dimensional real germ either Nash, or analytic, or algebroid. As we 
are dealing with fields in the class %‘;, the chain of valuation rings compatible with 
a given ordering has at most 2 non-trivial elements V, & VI. Furthermore, Vo is the 
convex hull of Q and its residue field kh is R. 
Theorem 2 of the introduction will be an inmediate consequence of the results of 
this section. 
Proposition 2.1. Let X be a finitely generated extension of R of transcendence d - 
gree 2 and let CI E Spec,(X). Then the chain of non-trivial valuation rings compatible 
with CI is one of the following: 
(1) A valuation ring 6 which has rank I, rational rank 1 and residue field R. 
(2) A unique valuation ring VO which has rank 1, rational rank 2 and residue 
field IF!. 
(3) Two valuation rings V, E VI such that VO has rank 2, rational rank 2 and 
residue field R, and VI is a rank 1 discrete valuation ring with residue field a real 
function field in one variable over R (i.e., a real prime divisor). 
Proof. Let V be a valuation ring compatible with LX Using [ 15, Ch. VI. lo] we have 
that 
rank(V) < rat.rank( V) < tr deg(X : R) = 2. 
Moreover, if rank(V)=2 then its value group rr~ is isomorphic to Z $ Z lexicograph- 
ically ordered (see [7, Section 10.2, Proposition 41). 
Let fi be the minimal valuation ring in the chain of ~1, that is, the convex hull of Q. 
Then the residue field ke of 6 is isomorphic to R. If rank( 6) = 1, then the chain for 
a is as in 1) or as in 2). If rank( VO) = 2 there is a discrete valuation ring VI containing 
6 (see [7, Section 41). Moreover, the residue field k~, must be a extension of [w of 
transcendence degree 1, because VO E VI. 0 
Remark 2.2. A finitely generated extension X of R of transcendence degree 2 is the 
field of rational functions of a real irreducible surface X (denote X=X(X)). We 
can assume that X is compact and non-singular by choosing a compact, non-singular 
model X of Xx. 
Denote by B(X) the ring of regular functions on X. Since X is compact, any 
valuation ring V compatible with CI contains 9?(X) and so we obtain a prime ideal 
p = B(X) n rn~ of B’(X). Furthermore, every CI E Spec,(X(X)) is centered at a point 
a EX (i.e. a as an element of Spec,(B(X)) specializes to the prime cone given by the 
point a). For V = VO the prime ideal B?(X) n nth is the maximal ideal of the point a. 
If CI is also compatible with a real prime divisor VI (case 3) in the previous theorem) 
then we have two possibilities: 
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(3a) 9(X) n mv, = p is a prime ideal of height 1 (i.e. the ideal of a curve in X), 
and the residue field of VI is k~, = q.f.(:9(X)/p). 
(3b) 9(X) n mV, ==nt is a maximal ideal (i.e. the ideal of the point a EX), and 
the residue field kc,, is the function field of a curve in a birational model of X which 
collapses to a. 
Therefore, from a more geometric point of view, we have four different cases of 
chains of compatible valuations: (I), (2), (3a) or (3b). 
In the following result we denote by sl’ (resp. A) either of the rings R[[x,_v]], 
R{x,Y}, or Wx,~~lld~ (rev. Wxll, R(x), or lQ[[x]&,); and by .Y’ (resp. K) the 
quotient field of A (resp. A). Note that given c( E Spec,(.X), each valuation ring com- 
patible with x contains JA! and CY is centered at the origin. 
Proposition 2.3. Let z E Spec,(X). Then the chain sf non-trivial valuation rings com- 
patible with x is one of the following: 
(1) A unique valuation ring V, which has rank 1, rational rank 1 and residue 
field R. 
(2) A unique valuation ring Vo which has rank 1, rational rank 2 and residue 
,jeld R. 
(3) Two valuation rings Vo E VI such that Vo has value group Z 8 Z and residue 
jield R, and VI is discrete with residue jeld k”, either 
(3a) isomorphic to K(a) with a algebraic over K, or 
(3b) a ,funcion field in one vuriable over R. 
Proof. We can suppose that x>O in r and y/x is finite with respect to X, because 
otherwise we can replace x by an isomorphic ordering in .Y verifiying these properties. 
Now, c( induces in K the ordering x>O. Moreover, a is determined by its restriction 
to K(y) (apply Weierstrass preparation theorem). 
Let Vo be the minimal valuation of X compatible with c(. Thus, .d c Vo and mlb f~ 
.d = (x, y). Let Vd = V, n K(y). Then, Weierstrass preparation theorem applies again 
to yield kh = ky; = R and r, = r?;. Therefore, 5,’ is the minimal valuation for the 
restriction of r to K(y). 
Furthermore V,’ n K =A, since cx gives the ordering x>O in K. Then, in order to 
determine r6, we have to study the extensions of A to K(y). This problem is settled, for 
instance, in [7, Section lo]. If r&/Z is a torsion group, then rank(rV1) =rat.rank(Tc;,) 
= 1 (see [7, Section 10.31). If ~v,/Z is not a torsion group, then applying [7, Section 
10.1, Proposition l] we have that rb = Z + <Z and rat.rank(rb) = 1. There are two 
subcases: rank(rh ) = 1 and rank(rh ) = 2. In the former, rcr, = Z + VZ (with 17 4 Q) 
ordered as a subgrup of R. In the latter, r, = Z @ Z ordered lexicographically. 
Using this information about the value group of the convex hull Vo of SI there are 
the following possibilities for the chain of valuation rings compatible with x 
(1) If &J has rank 1 and rational rank 1, V, is the unique ring in the chain, and its 
residue field is R. 
292 M. P. Wezl Journal of Pure und Applied Algebra 136 (1999) 285-296 
(2) If fi has rank 1 and rational rank 2, V, is the unique ring in the chain, and its 
residue field is [w. 
(3) If V, has rank 2, there is a valuation ring Vr > 6 corresponding to the unique 
isolated group Z of Z @ Z, and Vi is discrete. The residue field of Vo is Iw, and for 
the residue field kv, of Vt there are two cases: 
(3a) Vi is centered at a real prime ideal p of height 1. Then, Vi = d, and 
kv, = q.f.(&‘/p). Hence, kv, is an algebraic finite extension of A. 
(3b) mu, KG! = (x, y). Set V,’ = Vi M(y). By Weierstrass preparation theorem every 
f E R((x, y)) has a representation f = u . g where u(O,O) # 0 and g E K(y). 
Since Vi is centered at (x, y) the residue 7 of f is u(O,O)g where S is the 
residue of g. Therefore kv, = kv;. Moreover 6 E VI, and the image of 6 in 
kv, is a non-trivial real valuation ring of kv, . This means tr.deg(k,; : R) > 1. 
Choose t E VI whose residue ? in kv, is transcendental over [w. Since V,‘nK = A, 
the valuation ring V; is an extension of A to K(y). Consider then the field 
K(t) between K and K(y). Using [7, Section 10.1, Proposition 21 we get that 
A extends uniquely to K(t). This extension is the restriction of V; to K(t), 
has value group Z and residue field R(t). Since K(y) is a finite extension of 
K(t), k,; must be a finite extension of R(t), namely a function field in one 
variable over [w. 0 
Remark 2.4. Denote by X any of the fields we are dealing with, i.e. the function field 
of a surface or a power series field in two variables. The space of orderings X(X) 
of X splits into 4 disjoint subsets according to the different possible chains of valua- 
tions obtained in Remark 2.2 and Proposition 2.3: 
X1(,X) = {a E X: valuations compatible with CI are as in (1 )}, 
X*(X) = {a E X: valuations compatible with c( are as in (2)}, 
X,,(X) = {N E X: valuations compatible with a are as in (3a)}, 
X,,(X) = {u E X: valuations compatible with a are as in (3b)). 
3. Fans in real surfaces 
From now on we denote by X one of the power series fields [W((X, y)), [w( {x, y}), 
R((x, Y))alg, or the field of rational functions X(X) of a real surface A’. Remember 
that all these fields belong to the class VT. Thus, using Section 1, every fan F of X 
has at most 4 elements and trivializes along a valuation of X of rank 1. 
Let Z(X) be the set of fans of X. Using 1.4 and Section 2, we get that each fan 
F of X is contained in Xi(X), for some i = 1,2,3,4. Consequently, C(X) splits also 
as the union of 4 disjoint subsets defined as follows: 
Zi(X)={F fan:Fc&(X)}, i=1,2,3a,3b. 
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Proposition 3.1. Let V be a rank 1 real valuation ring of X and F a fan trivializing 
ulong V. Then, 
(1) IJ’ V has rational rank 1 and residue ,jield R, every fan F trivializing along V 
is trivial. Therejore El contains only trivial fans. 
(2) If’ V has rational rank 2, there is exactly u non-trivial fan trivializing along 
V. 
(3) If V is a discrete valuation ring, every non-trivial fan trivializing along V is 
determined by 2 dtyerent orderings in the residue jield kr. 
Proof. It suffices to compute the number of generizations in V of an ordering of kv. 
This number is equal to #(Homz(r,,Z,)) (Baer-Krull Theorem [6, lO.l.lO]). Let F 
be a fan trivializing along V. 
In case (1) the elements of F are all generizations of the ordering of kv = R. 
We prove that #(Homz(TV,Zz)) 5 2. 
Indeed, the value group r~ of V is a subgroup of Q. Suppose there are distinct 
&,&,& EHom~(rv,&). Take at,%,@ E r~ with &(at)#&(at), &(a2)# 43(a2) 
and 41(a3)# &(aj), and consider the subgroup G of r” generated by {a1,u2,u3}. 
Then 4;Ic~Homz(G,Z2), for i= 1,2,3, and &\c#dilc if ifj. On the other hand, 
G = CZ = Z, for some c E Q and Homz(Z, 77,) = 2. So we have a contradiction. 
In case (2), r~ N Z + mZ, for m E R\Q. Each element in Horn&Z + mP,Zz) is 
determined by the images of 1 and m. Then, there are exactly 4 orderings ai, cc2,33, x4 
in .Y compatible with V. Using the construction of M, as in [6, lO.l.lO] it is not 
difficult to verify that F={~~,c(~,cQ,LY,+} is a fan. 
In case (3), the value group rv is isomorphic to Z. Thus #(Homz(Trr,Z2)) = 2 
and each ordering of kV extends to V in two ways. Then a non-trivial fan F which 
trivializes along V must specialize to 2 distinct orderings rl,r2 in kr. Such a fan F 
consists of the generizations of ri and r2 to V and these generizations are defined by 
giving signs to any fixed uniformizer of V (see [3] or [13, 1.4.41). 0 
Theorem 3.2. Let be a E Spec,(X). 
(1) rf’ 2 E Xi, every fan containing a is trivial. 
(2) Ij’ M E X2, there is a unique non-trivial fan containing CC 
(3a) If r E Sa and X = W(x, y)), W{x,y}) or [W((X,~))~I~, there is a unique non- 
trivial fan containing CI. If ci E X 3a and X=X(X), there is an inhnite number of 
non-trivial fans containing CI. 
(3b) Ij’ x E X3b, there is an infinite number of non-trivial jans containing M. 
Proof. Claims (1) and (2) follow inmediately by Proposition 3.1. For (3a) and (3b), a 
non-trivial fan F containing a is completely determined by an ordering r in the residue 
field kr, different from that induced by LX Then, taking into account that an algebraic 
extension of a power series ring in one variable has exactly 2 orderings and a function 
field of a curve has infinitely many orderings, we are done. 0 
294 M. P. VPlezI Journal of Pure and Applied Algebra 136 (1999) 285-296 
The following remark gives us a geometric description of fans that proves Theorem 3. 
3.1. Some geometric remarks 
We can call “geometric fans” the fans F in z3a U z;3b. Note that not geometric non- 
trivial fans are in Cz and they are represented by transcendental branch germs in a 
point. 
However geometric fans have a precise geometric meaning. A geometric fan F = 
{Cli}f=l is built up generalizing two different orderings in k~, by giving sign to a 
uniformizer t of the discrete valuation ring Vi: 
v, u1 
I \T :; 
kh Zl # =2 
Since valuation rings contained in Vi and compatible with cli correspond bijectively 
to valuation rings of kv, compatible with its specialization Zj, the valuation rings com- 
patible with F are as follows: 
where V,’ (resp. V,“) is the convex hull of X in [w with respect to CII and a3 (resp. 
a2 and 1x4) and Vi is a discrete valuation ring. 
3.2. Algebraic surfaces 
Using the notations introduced in Remark 2.2 we get: 
(I) If FE C,,(X(X)) then F is determined by two distinct half branches cl and 
c2 of a irreducible real algebraic curve C of X centered at points a, b E C, respec- 
tively (possibly a = 6). Furthermore, specializations of the elements of F in 9?(X) are 
al, a3 -+ zi ---f a and c12, ~14 -+ r2 -+ 6. Moreover, VO’ = V02 if and only if a = b. 
This is shown as an example in Iw(x, y): 
(II) If F E zjb(x(x)) then F is determined by two half branches at points aI and a2 
of an exceptional divisor D obtained after a finite number of quadratic transformations 
of X at the point a, where m, = B(X) n mv,. Then the unique specialization of the 
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elements of F in .8(X) is a. In this case, Vi = Vl of and only if al =a~. Actually, 
F becomes a fan in .ZJ~ after a quadratic transformation. Let us show a picture: 
X 
D 
+ 
a2 
4 =k 
X 
n E4 a cl3 
x , , 
Ml E2 
3.3. Germs of surface 
(1) If FE C,,(X) then F is determined by an irreducible (either algebroid, or 
analytic, or Nash) curve germ Co at the origin. The specialization of F in d are: 
~(1, cx3 4 z, -+ 0 and ~(2, CQ + r2 --f 0. Moreover, ~1 and ~2 are described by the two half 
branches of Co, hence F is the unique fan associated to Co. In this case Vi = Vt. 
(II) If F E C3b(,X) then F is determined by two half branches of an algebraic curve 
which collapses to the origin 0. Then the unique specialization of the elements of F 
in 2(X) is 0. Actually F is a fan in C3b(R(x, JJ)) centered at the origin. 
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